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Asymmetric competition is a form of resource division among plants. in which large
plants greatly suppress the growth of smaller neighbors. In annual plants. small size
differences between seedlings at the onset of competition are magnified into large
differences in seed-set by asymmetric competition. We formulate a novel neigh-
borhood model. which retlects this seedling size effect as modified by the type of
competitive symmetry. In the model. competition type is represented by a single.
biologically meaningful parameter. We implement the model in a population growth
model for two species. one at low density (the invader). and one at high density (the
resident). The species are the same. except for their seedling biomass distributions.
Under these conditions. we find that asymmetric competition always favors invasion
by the species with lager average seedling size. but impairs invasion by the other
species. Based on this invasibility criterion, we conclude that asymmetric competition
always favors competitive exclusion in our model. However. by modifying some of the
model assumptions. we suggest scenarios in which asvmmetric competition may
promote coexistence.
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There are essentially two ways in which competing plants

growth rates than smaller plants. One consequence of this
gain resources. They may acquire resources in proportion

is that asymmetric competition can generate large size

to biomass. or larger plants may capture more resource
per unit biomass. because they have the ability to preempt
resources from smaller neighbors. The first of these types
of competition is called symmetric. or two-sided compe-
tition. and the second is called asymmetric. or one-sided
competition (Harper 1977, Aikman and Watkinson 1980.
Turner and Rabinowitz 1983, Weiner and Solbrig 1984,
Firbank and Watkinson 1985, Weiner 1990). These com-
petition types can have an important influence on plant
population dynamics (Watson 1980, Weiner 1990. Pacala
and Weiner 1991. Silvertown 1991, Kohyama 1992).
Under strong asymmetric competition. but not under
symmetric competition. larger plants have greater relative
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variability in populations during growth. thus establish-
ing “size hierarchies” (e.g. Harper 1967. Watson 1980,
Firbank and Watkinson 1985, Weiner and Thomas 1986).
Another consequence is that initially small seedling size
differences between annual plants are greatly amplified
during growth and result in large fitness differences
(Hartgerink and Bazzaz 1984. Wall and Begon 1985,
Thomas and Bazzaz 1993). Thus. the type of competitive
symmetry should be crucial in determining the impor-
tance of the seedling stage to individual fitness (Ross and
Harper 1972, Harper 1977. Schwinning 1994). This is
supported by experimental studies which show that re-
productive success in high density stands is correlated
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with seedling size and time of emergence (e.g. Ross and
Harper 1972, Solbrig 1981, Wall and Begon 1985, Waller
1985, Benjamin and Hardwick 1986, Fowler 1988, Tho-
mas and Bazzaz 1993).

If seedling size is an important factor in determining
the outcome of intra-specific competition in annual plant
populations, it may be an important factor for inter-
specific competition as well. There are seemingly plausi-
ble verbal arguments that suggest that asymmeltric com-
petition also promotes coexistence in annual plant pop-
ulations. but equally plausible arguments suggest the op-
posite. For example, in communities of annual plants
with seed banks (Harper 1977), populations may be able
to coexist through environmental heterogeneity (Hart-
gerink and Bazzaz 1984, Warner and Chesson 1985,
Chesson and Huntly 1989). During unfavorable vears or
in unfavorable sites, populations persist as dormant
seeds, but during favorable years or in favorable sites,
they recover rapidly from low density. Coexistence is
promoted by differences in what constitutes “favorable
conditions™ for the species in the community, even if
there are differences in the over-all competitive abilities
of species. In this context. an increase in reproductive
variability promotes coexistence (Warner and Chesson
1985). Thus, asymmetric competition may accelerate re-
covery from low density by enabling individuals to sup-
press their heterospecific neighbors more strongly.

On the other hand. asymmetric competition may pro-
mote competitive exclusion, if species have consistently
different average sizes at the onset of competition. Pop-
ulations with late germinating, small, or slow growing
seedling populations would be excluded faster. the more
asymmetric the competition (Fowler 1988. Samson et al.
1992, Zobel 1992).

We hope to clarify this controversy by generating some
simple predictions about the effect of initial biomass and
the type of competitive symmetry on low-density pop-
ulation growth rates. Thus, we focus on the aspect of
persistence in a heterogeneous environment. Within this
framework. any factor that raises the average low-density
growth rates of all populations in the community is con-
sidered coexistence-promoting (Turelli 1981. Chesson
1985).

Our model involves two species of annual plants with
seed dormancy. One species is at low density (the in-
vader), and the other at high density (the resident). The
two species interact locally in neighborhoods. To study
the effect of the competition type, we formalized and
generalized Weiner's symmetry concept (Weiner 1990)
by introducing an explicit, one-parameter index for the
type of competitive symmetry. This index is not simply
an abstraction in a model. As we show below. it can
easily be estimated from data.
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The model

Here we explain the central ideas behind the model,
which we fully describe in Appendix B. Constants and
variables are listed in Appendix A. The two species in
this model are morphologically similar. such that they
experience the same symmetry condition. Species may
differ in the initial seedling biomass distribution and in
the efficiency with which they convert resources into
seeds. The competitive interaction is restricted to neigh-
borhoods. The total resource available to all plants in a
neighborhood during the course of a season, r, is fixed.
This resource is partitioned among individuals in relation
to their seedling biomass proportions. The seed-set of
individuals that are smail in relation to their neighbors
can be close to zero, but we assume that seedlings do not
die. once they have started to interact.

Since we are primarily interested in factors that influ-
ence the likelihood of an invasion. we assume that one
species is at high density (the resident) and the other at
low density (the invader). Since the invader is rare, we
assume that all invader individuals compete only against
individuals of the resident population. We use the super-
scripts A for the invader and B for the resident. An
invader in the ith neighborhood converts the captured
portion of the seasonally available resource. r. into a
number of seeds. s*. with conversion efficiency ¢/

cr
= (0
bjs i}
I+ —
> (3

bf is the seedling biomass of the ith invader, and bf of the
Jth resident in the ith neighborhood. This equation is
derived in Appendix B. Eq. 1 says that only seedling
biomass ratios determine the seed yields of competitors,
not their absolute biomass. This is a consequence of the
assumption that the plants in one neighborhood produce a
fixed number of seeds. in agreement with the constant-
vield law. There is a lower and an upper limit to seed
yield. Invader seed yield approaches the lower limit, zero,
if the invading seedlings’ biomass is much smaller than
the resident seedlings’ biomass. Invader seed yield ap-
proaches maximum yield, c'r. if the invader is much
larger than its neighbors.

Note the formal equivalence of this model to certain
hyperbolic neighborhood models for annual plants (e.g.

st

" Shinozaki and Kira 1956, Vandermeer et al. 1984, Pacala

and Silander 1985, Silander and Pacala 1985, Pacala
1986). In these models the effect of neighbors on focal
plants is expressed in terms of an empirical regression
coefficient. In our model, the effect of neighbors on focal
plants is expressed in terms of seedling size ratios and the
index of symmetry. Thus, our model refines neighbor-
hood models by replacing an empirical regression coeffi-
cient with variables that can be measured independently.

Fig. 1 illustrates how O can be measured independent
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Fig. |. The regression of log seed yield on log seedling bio-
mass. Data simulated using eq. | with normal seedling biomass
variation and n = 3 and 6 = 2. The linear approximation of the
slope for low seedling biomass is indicated in the graph.

of the neighborhood model. It shows the correlation be-
tween the logs of individual seed yields and seedling
sizes at the onset of competition for a hypothetical pop-
ulation. These data were generated by simulating eq. |
for normally distributed seedling sizes within neighbor-
hoods. but natural populations of non-thinning annual
plants have quite similar characteristics (Schwinning
1994). In particular, there is a wide range of seedling
sizes for which seedling biomass and seed vyield are
nearly log-linearly related. O is the initial slope of the
regression of log seedling biomass on log seed vield. This
is further explained in Appendix C.

The exponent in eq. 1. 0. determines the sensitivity of
seed yield to differences in seedling biomass. Therefore.
0 is an index for the type of competitive symmetry. 0 = |
implies symmetric competition. because the resources
used to generate seed are divided in proportion to the
biomass of competitors. 8 > | implies asymmetric com-
petition. because larger seedlings capture a greater than
proportional share of the resource. In general. the larger
0. the greater the advantage of large seedlings. 6 may
vary with density and species composition (Schwinning
1994). The significance and the consequences of ( for
population size structure is summarized in Table 1.

§ is the average seed yield of invading individuals
across neighborhoods. It determines the per capita pop-
ulation growth rate G* for the invader:

G = (1 —uh) (I —yr + 9y 7Y, (2)

where p* is the seed and seedling mortality rate and v*
fraction of the invader. both assumed constant. We assess
changes in the likelihood of an invasion as changes in the
invader’s population growth rate. An invasion 1s pro-
moted by factors that increase the average invader's
growth rate (Turelli 1981, Chesson 1983).
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Simulation methods

First. we examine eq. 1. assuming that invader and resi-
dent have fixed seedling biomass ratios. Second, we ex-
amine the average population growth rate of the invader
if seedling biomass ratios vary within or across years. In
these simulations, we give seedlings normal or log-nor-
mal biomass distributions and estimate the invader’s pop-
ulation growth rate. The seedling biomass of neighbors is
either randomized within years, or fixed within years and
randomized across years. In the case of within-year seed-
ling biomass variation. we average the seed production of
the invaders across 100 neighborhoods to estimate the
population growth rate. In the case of between-year var-
iation. we estimate the geometric average of the invader
growth rate based on 500 yr. Population growth rates for
the invader are calculated according to eq. (2), setting p*
=09 and v*=0.8. All parameter settings are summarized
in Appendix A.

Simulation results
Fixed seedling biomass ratios

We begin by assuming that species have fixed seedling
biomass ratios at the onset ot competition. There may be
considerable variation in actual seedling biomass be-
tween sites or years, as long as such variation between
neighbors is fully correlated. Fig. 2 shows the population
growth rate of the invader. G'. as a function of the
log-transformed seedling biomass ratio. Several curves
are shown for different values of 8. These curves in-

Table 1. Meaning and significance of the index for competitive
symmetry.

0 Resource Seed yield Size Competition
division structure (Weiner
1990)
0 same for all c'r constant absolute
plants n+ 1l symmelric
<1 relatively o' - relative
m{;}re lfor T pE\e skewed symmeltric
sma ants DR e
p 1+ (iy-‘)
=1 ’
1 proportional c'r 0 relative
to biomass — . 7;av. hE\o skewed symmetric
J
L+ (-—:)
=1 "
> 1 relatively cr + relative
more for " b\ sl_cewcd, asymmetric
large plants | 4 S= bimodal
b{
=1 U
© all to the 0 or c'r bimodal absolute
: largest plant asymmetric
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Fig. 2. The effect of seedling biomass ratios (In(b'h*)) and
symmetry (0) on invader growth rate (G (eq. ). The seedling
biomass of both species. ' and h¥ is fixed. All neighborhoods
contain three residents and one invader (n = 3). The four curves
correspond to four symmetry conditions. indicated by the U
values.
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tersect at 0. where invader seedling biomass equals resi-
dent seedling biomass. At this point. the type of compet-
itive symmetry makes no difference, because the invader
and the resident have equal starting conditions for the
competitive interaction.

Under any symmetry condition. with the exception of
0 = 0. an increase in the seedling biomass ratio results in
an increase in the invader’s population growth rate. Thus.
larger seedlings almost always invade more successtully
than smaller seedlings. Therefore, if the invader has 2
seedling size advantage over the resident, an nvasion 1s
favored by asymmetric competition. The more asym-
metric the competition. the larger the value of 0. the
greater the effect of a small seedling size advantage on
population growth. On the other hand. if seedling size
differences are large. the type of competitive symmetry is
less important. The population growth rate of invaders
with extremely small seedlings compared to the resident
are close to (1-¢*) (1-y*) since s* = 0 (eq. 2). The growth
rate of invaders with extremely large seedlings 1s close to
(1=p™) (14y*(c* r)) since s* = ¢* r.

If invader seedlings are smaller than resident seedlings.
invasion is more difficult the more asymmetric the com-
petitive interaction. This means that if two species have
fixed seedling biomass differences, asymmetric competi-
tion cannot give both species an advantage at low density.
Asymmetric competition reduces the low-density growth
rate of the population with smaller seedlings. and in-
creases the low-density growth rate of the population
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with larger seedlings. Therefore. asymmetric competition
facilitates the competitive exclusion of the species with
the smaller seedling biomass.

When there are more neighbors to compete with. the
effects of seedling biomass ratios and symmetry type are
qualitatively the same (Fig. 3). If the degree of asymm-
etry stays constant. all populations grow slower at higher
density. since more plants have to share 2 fixed amount of
resource. Density also reduces the sensitivity of the pop-
ulation growth rate to differences in seedling biomass,
because it is more difficult to suppress more neighbors.

The degree of asymmetry may often increase with
density. however (Schwinning 1994). An increase in 0
that is mediated through an increase in density does not
always increase the low-density growth rate for the pop-
ulation with larger seedlings (Fig. 4). [f the invader seed-
ling is only slightly larger than the resident seedling, a
density increase combined with an increase in the degree
of asymmetry can actually lower its population growth
rate. An increase in population density favors the in-
vasion of a population with seedlings that are larger than
resident seedlings only if the invader exceeds a minimal
size advantage. On the other hand. if the invader has
smaller seedlings than the resident. mvasion is always
more difficult at higher density. Thus. the conclusion 15
the same as before. Since the low-density growth rate of
the population with smaller seedlings is suppressed more
than the low-density growth rate of the population with
larger seedlings. asymmetric competition favors the ex-
clusion of the first.
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Fig. 3. The effect of seedling biomass ratios (In(b/b™) and
svmmetry (8) on invader growth rate (G (eqg. 1). The scedling
biomass of both species. ' and b* is fixed. All neighborhoods
contain three residents and one invader (n = 6). The four curves
correspond to four symmetry conditions. indicated by the 0
values.

425



-l
Il
o
@ ©
Il

-
I

I
)
O O

A8
In(b /b )

Fig. 4. The effect of seedling biomass ratios (In(b*/6%)) and
symmetry (8) on invader growth rate (G*) if asymmetry (0)
increases with the number of resident individuals per neigh-
borhood (n). The seedling biomass of both species. &* and &% is
fixed. The arrow indicates the minimal biomass ratio above
which an increase in 0 and n is advantageous for the invader.

Variable seeding biomass ratios

In the preceding section we showed. for populations with
fixed seedling biomass ratios, that asymmetric competi-
tion favors populations with larger than average seed-
lings. However, if biomass ratios vary between neigh-
borhoods or years, there will be competitive reversals in
some neighborhoods or years. Does asymmetric competi-
tion favor coexistence under variable seedling biomass
ratios?

We estimated the distribution of local biomass ratios
by assuming that seedlings of populations A and B are
either normally or log-normally distributed and that the
seedling sizes of neighbors are fully uncorrelated. Fig. 5
shows how population differences in average seedling
biomass affects the invader growth rate when seedling
biomass is normally distributed. As in the case of fixed
biomass ratios, asymmetric competition increases the
low-density growth rates of the population with greater
seedling biomass, and decreases the low-density growth
rate of the population with smaller average seedling bio-
mass. If average seedling sizes are equal. the type of
competitive symmetry has no effect. Thus, asymmetry
favors populations with greater seedling biomass, even if
seedling biomass is only greater on average. This result is
qualitatively unchanged if seedling biomass is log-nor-
mally distributed (results not shown).

However, given that competition is asymmetric, and
there are differences in the seedling biomass of compet-
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ing populations, seedling biomass variation can increase
the average low-density growth rate of populations with
small seedlings (Fig. 6). In this case, seedling biomass
variation is log-normal and varies within years, but not
between years. This positive effect of seedling variation
is explained by the fact that large seedlings more than
compensate for the loss of seed yield brought on by small
seedlings. On the other hand, seedling size variation in
populations with large average seedlings decreases the
low-density population growth rate populations, because
small seedlings depress the growth rate more than large
seedlings can enhance it. We find similar results for
normal seedling biomass variation within years.

Interestingly, log-normal variation in seedling biomass
between years also has similar effects. However, if seed-
ling biomass varies normally, the growth rate of pop-
ulations with large average seedlings is little affected by
seedling size variation, while populations with small av-
erage seedlings still have a growth rate advantage through
seedling variation (Fig. 7).

Thus. under this model, asymmetric competition is not
coexistence-promoting (Figs 2-5). However. if competi-
tion is asymmetric, seedling size variation can increase
the low-density growth rates of populations with small
average seedling size (Figs 6 and 7).

n(u /i)

Fig. 5: The effect of average seedling biomass ratios (In(u*/#%)
and symmetry (0 on the invader growth rate (G*). The seedling
biomass of both species varies normally. The mean of the
resident seedling size distribution is fixed at x? = 1.0 with
standard deviation ¥* = 0.3. The mean of the invader seedling
distribution, z*, is varied, but the coefficient of variation is held
constant and is set equal to the coefficient of variation for the
resident seedling size distribution (y*/p4 = 0.3). All neighbor-
hoods (100) contain three residents and one invader (n = 3). The
four curves correspond to four symmetry conditions, indicated
by the 6 values.
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Fig. 6. The effect of seedling size variation on the invader
growth rate (G*) when competition is asymmetric (6 = 2.0).
Seedlings of both species vary log-normally within years. The
location parameter for the resident seedling size distribution is
fixed at o = 0. while the location parameter for the invader. «*
is varied. Variability for the resident is p? = 1.0. and for the
invader is B* = 0 or 1. All neighborhoods (100) contain three
residents and one invader (n = 3).

Approximations

These simulation results are supported by analytical re-
sults, based on the simple approximation of substituting
the median seedling biomass for the distribution of seed-
ling biomass. This approximation is quite accurate for
normal and log-normal seedling biomass distributions
over a wide parameter range. Here, we merely present the
approximation. while in Appendix D we derive the ana-
lytical results.

In eq. 1. we first replace the resident distribution with
its median:

> (50 = n (B°)°. (3)
|

The tilde indicates the median of a distribution, and n is
the number of residents in the neighborhood. Secondly,
we approximate the mean invader seed yield by sub-
stituting the median seedling size into eq. 1.

ctr
e—— (4)

n bB 8 "
1+2(§:)
=1

Combining these two approximations yields:
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= e (3)
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Thus, as in standard single or multi-species plant compe-
tition models, the average seed yield of individuals is a
hyperbolic function of density (e.g. Shinozaki and Kira
1956, Vandermeer et al. 1984, Pacala and Silander 1985,
Silander and Pacala 1985, Pacala 1986). However, in this
case, the effect of density is modified by the seedling size
relationship of the competing species and the index of
competitive symmetry, 0.

Discussion

We have introduced a novel neighborhood-based plant
competition model in which the type of competitive sym-
metry is represented by a single continuous parameter.
The model thus provides a simple. theoretically explicit
definition of seasonally integrated competition type for
annual plants. Moreover, the symmetry index 6 can be
directly estimated from experimental data (Fig. 1).
Thomas and Weiner (1989) introduced an index for the
type of competitive symmetry into an empirical neigh-
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Fig. 7. The effect of seedling size variation on the invader
growth rate (G*) when competition is asymmetric (6 = 2.0).
Seedlings of both species vary normally between years, and do
not vary within years. The mean of the resident seedling size
distribution is fixed at g® = 1 with standard deviation o = 0.3.
The mean of the invader seedling size distribution, x* is varied,
but the coefficient of variation is held constant and is set equal
to the coefficient of variation for the resident seedling size
distribution. Neighborhoods in all years (500) contain three
residents and one invader (n = 3).
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borhood model. In their model. the competitive effects of
neighbors on focal plants are expressed by a term that
includes the sizes and distances of neighbors and a re-
gression coefficient. The type of competitive symmetry is
expressed by a factor “a”, between zero and one, which
discounts the effect of neighbors that are smaller than the
focal plant. The smaller “a”. the more asymmetric is the
competitive interaction. Thus, the authors used a step
function to express the modulation of plant size effects by
competition type. We used a continuous function, instead.
The measure of asymmetry in Thomas’ and Weiner's
approach (1989) is found by determining the value of “a”
that maximizes the t* of the neighborhood regression. In
our model, an estimate for 6 can be generated independ-
ent of the neighborhood model (see Appendix C). How-
ever, unlike Thomas and Weiner (1989), we have not
tested our approach against field data.

In our model. the outcome of competition depends on
the initial seedling sizes of competitors in a neighbor-
hood. Theoretical and experimental studies (e.g. Ross and
Harper 1972, Grubb 1977, 1986, Solbrig 1981, Gross
1984, Hartgerink and Bazzaz 1984. Symonides et al.
1986. Biere 1987, Pacala and Weiner 1991, Wilson and
Tilman 1991, Thomas and Bazzaz 1993) suggest that the
reproductive success of some annual plant populations
indeed depends strongly on the germination phase. Here,
we generalize this idea by showing how the importance
of the seedling stage is modified by the type of compet-
itive symmetry.

The type of competitive symmetry is usually not
known a priori for populations. This suggests that there is
a need to include seedling biomass — or empirical esti-
mates of O — in the design of competition experiments, $O
that the importance of seedling size variation can be
determined. Traditional experimental designs seek to
eliminate variance due to seedling variation by holding
seedling biomass constant, or simply by ignoring seed-
ling size as a factor in analysis of variance and covar-
iance. The implicit assumption here is that competition is
absolute symmetric (sensu Weiner 1990: Table 1), but
this may often not be true. Moreover. correlations be-
tween seedling size and other biologically important fac-
tors (such as spatial patterns. seed age. predictive germi-
nation) could greatly modify the effect of seedling size.
Therefore, assuming that initial seedling biomass var-
iation is just noise may miss important aspects of pop-
ulation ecology.

Our results showed that. for a wide range of param-
eters, the median seedling biomass can be substituted for
the distribution of seedling biomass with little loss of
accuracy. The approximation works for both normally
and log-normally distributed seedling biomass. Since
most data sets show that seedling size distributions are
somewhere between these two cases (Benjamin and
Hardwick 1986), we suspect that this approximation may
be generally useful, and suggest that this warrants further
study.

Our analysis reveals that, all else being equal, asym-
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metric competition promotes the competitive suppression
of populations with smaller than average seedlings. How-
ever, all else may not be equal. Below. we discuss some
conditions for which asymmetry might have a coexis-
tence-promoting effect:

1) In our model, the individuals of the invading pop-
ulation are scattered across neighborhoods consisting
mostly of the resident species. However, if seed dispersal
is fairly local, seeds of a population may accumulate in
sites where seedlings have a size advantage. If they do,
populations form monospecific patches, which are diffi-
cult to invade. In this case. asymmetric competition
should foster coexistence by inhibiting local invasions.
Weiner and Conte (1981) showed that either exclusion or
coexistence can occur in plant populations, depending on
the amount of long-distance dispersal and therefore on
the ability of each species to form monospecific patches.

2) We assumed that seedling biomass variation is inde-
pendent of characteristics of the seed populations. How-
ever, the age of seeds may influence seedling germina-
tion. For example, older seeds might germinate sooner
than younger seeds, if they have fewer dormancy-in-
ducing factors. Thus, declining populations with older
seeds in the seed bank may produce larger seedlings at
the onset of competition than increasing populations. If
this is true, asymmetric competition should promote
coexistence by enhancing the plant size advantage of
declining populations.

3) Resource conversion efficiency into seed, ¢, is
constant in our model. However, if seedlings are larger in
the sites or years in which they will produce more seeds.
the positive effect of large seedlings on population
growth would be enhanced. while negative effect of small
seedlings would be diminished. This may be interpreted
as a form of “predictive germination” (Cohen 1967, Ven-
able and Lawlor 1980). It depends on the existence of
environmental cues of future success during the time of
germination. [f germination is predictive in this sense,
asymmetric competition could foster coexistence by en-
hancing the positive effect of productive sites or years for
all species.

To our knowledge, these hypotheses are new and have
not been tested in the field. Therefore, we do not know if
these mechanisms exist. [t seems necessary to consider
these possibilities to fully understand the role of competi-
tion type at the population level. Competition type is
likely to have profound effects on population dynamics
and coexistence in communities of annual plants. How-
ever, it may not have the same effect in all communities.
We showed evidence that asymmetry can promote com-
petitive exclusion, but we also argued that under specific
circumstances, asymmetry may have the opposite effect.
The role of asymmetric competition in any particular
community may depend on fairly subtle characteristics of
the resident populations and their environment.
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Appendix A
List of symbols
Indices Definition
A Index of the invading species.
B Index of the resident species.
Parameters Definition Value
W Annual seed mortality. 0.9
Y Annual germination fraction. 0.8
r Annually available resource in

one neighborhood. 100
ct Resource-to-seed conversion

efficiency for species A. 1
n Number of resident seedlings in

a neighborhood. 3or6
[§] Symmetry index (see Table 1) {0, 0.5, 10,20}
Initial Definition Value
conditions
bt Biomass of the ith seedling of

species A. random variable
b8 Biomass of the jth seedling of
_ species B in a neighborhood.  random variable
bA Median of A's seedling size
R distribution. variable
s Median of B’s seedling size

distribution. 1 or 1.02
Final Definition Value
conditions
s Number of seeds produced by

an A seedling. variable
5 Average number of seeds

produced by A seedlings within

a year. variable
Gt Per capita population growth

rate of species A. variable
g In(G*), the log-transformed per

capita growth rate of species A. variable

Appendix B

Derivation of the model

The central assumption of the model is that an annually
available resource, r, is divided entirely between the
members of a neighborhood. The fraction of the total
resource each individual captures depends on seedling
biomass. but is not necessarily a linear function of bio-
mass. Thus,

bf
$;=rc—, N (B1)

2 b
j=1

where s; is the seed yield of the ith plant in a neigh-
borhood, b; is its seedling biomass, measured at some
time after the germination of all seedlings in that year and
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before plants start to compete. ¢ is the efficiency of
resource-to-seed conversion, and n is the total number of
seedlings in the neighborhood. 6 may be a function of
density.

Eq. (B1) can be generalized to a two-species case, if it
is assumed that species morphologies are similar and that
the biomass of one species can be rescaled into biomass
equivalents of another species with equal efficiency to
capture a limiting resource. Below, we express the seed-
ling biomass of an individual of species A in equivalents
of the seedling biomass of species B. Assuming that
units of A’s biomass are equivalent to one unit of B’s
biomass, eq. (B1) can be rewritten:

(hbh)®
st = ctr—; po , (B2)
T (hb + > (bE)°
k=1

=1

where ¢* is the resource-to-seed yield conversion effi-
ciency of species A, b* and b are the seedling biomass of
species A and B, respectively, and n and m the number of
individuals of species A and B in the neighborhood. Thus,
we are assuming that both species experience the same
symmetry of competition 6.

If species A is rare (the invader) and species B is
frequent (the resident), most individuals of species A will
be found in neighborhoods with no other individuals of
species A. With the approximation that all individuals of
species are found in such neighborhoods, eq. B2 can be
simplified and rearranged:

cir
== ™ bf e .
[ N
"2 (hbf)

For simplicity, we set h=1 to produce eq. 1.

st (B3)

Appendix C

Symmetry and the index 6
Weiner (1990) classified resource competition into four
types based on the way resources are divided between
competitors. He called a competitive interaction “abso-
lute symmetric” if plants of all sizes receive the same
absolute amount of resource, and “ relative symmetric” if
plants of all sizes intercept resources in proportion to
their sizes. He called an interaction “relative asymmetric”
if large plants intercept a greater than proportional share
of the resources, and “absolute asymmetric” if the re-
source interception of the larger plant is not affected by
smaller neighbors at all.

These definitions can be used to interpret the parameter
0 as an index of competitive symmetry. Table 1 shows
how the value of 8 corresponds to Weiner's definitions,

and determines the seed yield distribution of the pop-
ulation.
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Estimating 0
6 can be estimated by regression analysis (Fig. 1). Log-
transforming eq. (B3) yields:

cr
In(s;) = BIn(;) + In [ ——\ . (CDh

BY + >, b?

j#i

For small &, or at high density, the regression of In(s) on
In(b) is approximately linear with slope 8. Thus, 8 can be
determined by linear regression. Empirical studies con-
firm that In(s) and In(f) are often linearly correlated and
that 6 depends on plant density, the type of growth
limitations encountered during a year, and certain
morphological and physiological properties of the com-
petitors (Schwinning 1994). Increasing density tends to
increase the value of 0 (in effect, making it more impor-
tant to be initially large). The magnitude of this density
response depends on the symmetry of competition in the
spaces where zones of resource uptake overlap (Schwin-
ning 1994). In other words, a great deal of plant biology
and ecology is summarized in the value of 6.

Appendix D

Analyses of the “median approximation” model

Here we show that the simulation results can be sup-
ported analytically on the basis of the two approxima-
tions described in the main text (eqs 3-5). For simplicity,
we limit ourselves to deriving the effects of seedling size,
symmetry, density, and invader seedling variation on the
average seed yield 5. The same qualitative results hold
for the population growth rate G*, as it is a linear function
of 5 (eq. 2).

Effect of seedling size. The effect of changing the average
invader seedling size on seed vyield is:

35 Bctrn(BP)(b)
—_— (D1)
bt (BN + n (B5)°)?

This partial derivative has no negative terms. Therefore,
the effect of increasing seedling size is always to increase
the average yield. unless © = 0, in which case it has no
effect. The effect of invader seedling size is proportional
to the potential number of seeds (c*r) a plant can produce
and increases with 8. However, the effect of seedling size
approaches zero for very large and for very small seed-
lings. If 8 = 1, the effect of seedling size is maximal at

A n(e-D\ !
P\ a+1 . (D2)

If 8 < 1, the effect of seedling size continuously declines
with seedling size.

Effect of symmetry. The effect of 6 on the invader’s
average seed yield is:
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b b"'s [:]
a5 c*rn In (3}) x (E)

£= BB\ ®]2 ’ (D3)
[

The sign of this partial derivative is determined by the
sign of In(5*/5#), since all other terms are positive. There-
fore, the seed yield increases with 6 if 5* > 6% it de-
creases with 0, if 5 < b%; and if 5* = 58, O has no effect.
In the latter case, the seed yield of the invader is c*r/(n+1)
for seedlings of all sizes.

Effect of densiry . The effect of density on the invader’s
average seed yield is:

a5 cAr(B)%(6%)°

—_——————— D4
on [(6"° + n (b5 (D4)
insofar as O is independent of density n. If this is true, the
partial derivative in eq. (D4) is always negative, and
therefore density always reduces the average seed yield.
If 6 depends on density, this conclusion does not hold,

and increasing density could actually increase seed yield
(see Fig. 4).

Effect of small-scale within-year seedling variation. We
assess the effect of seedling variation by using the ap-
proximation in eq. 3, but not that in eq. 4. We assume that
biomass variation is symmetric on 2 log scale. This
means that it is equally likely for a seedling to be k times
larger than its geometric mean as it is to be 1/k times its
geometric mean. Second, we approximate the effect of
large seedling variation, for which we make no particular
distribution assumptions.

For small-scale within-year variation, we substitute
In(#*) = x into equation (B3):

cir

s4(x) = W : (D3)

The average seed yield of a seedling population with
mean ¥ is

5@ = X ps(+A), (D6)
i=1

where p; denotes the frequency of deviations of size A,.
Eg. (D6) can be approximated by a Taylor expansion:

5 % NS s I &s

5(x) = i — i - S———— r-, T " i .

2P| DA Ak A e Y
(D7)

The assumption that deviations around x are distributed
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